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Overview

Deep networks recognise images, sound and text with an accuracy that simpler models rarely reach, and 
they are the least readable models of all. This day shows how to see where a network looks. It trains a 
small convolutional network on the lesion images of Day 1, which contain a hidden shortcut, and explains 
it with saliency maps [1], SmoothGrad [2], Integrated Gradients [3] and Grad-CAM, short for gradient-
weighted class activation mapping [4]. Because the true reason for each label is known, the maps can be 
graded, and a sanity test checks whether they explain the model at all [5]. The day also introduces 
GEMEX, short for Geodesic Entropic Manifold Explainability, an explanation method that reports its 
own uncertainty [6].

Estimated study time: 6 to 8 hours.

Learning outcomes

By the end of the day, students are expected to explain why the gradient of a network is an explanation, to 
compute and compare saliency, SmoothGrad, Integrated Gradients and Grad-CAM maps, to grade maps 
against  a  known ground  truth  and  apply  the  model-randomisation  sanity  test,  to  read  a  GEMEX 
explanation with its uncertainty, and to detect a shortcut in images of their own field. In Python, students 
are expected to read a neural network as arrays and matrix products and to apply the chain rule.

Python in this day

The lecture is followed by Python step 3: A neural network as arrays and the chain rule. It covers a single 
neuron, the derivative of the sigmoid, a finite-difference check, a two-layer network with the rectified 
linear unit (ReLU) written with matrix products and its gradient by the chain rule, and the property that 
gradient times input adds up to the output of a bias-free ReLU network [7]. The Colab notebook opens 
with the same step and continues with the convolutional network, written with the same ideas.

How these notes point to the Python code. Every method of this lecture is also written as Python code in 
the Colab notebook of the day, the file NB03_explaining_deep_networks.ipynb. A Colab notebook 
is a document of text and Python code that runs in the web browser, with nothing to install. It opens with 
the button Open in Colab on the day overview page of the course,  https://github.com/utkukose/xai-
veltech-NB-lecture/tree/main/days/day-03. The code of the notebook is divided into numbered sections. 
In these notes, each box titled Python code in the Colab notebook, Section N names the section whose 
code carries out what the text above the box explains, and says what to run and what to look at there. The 
animations  that  the  notes  mention  are  interactive  figures  on  the  lecture  page  of  the  day, 
https://utkukose.github.io/xai-veltech-NB-lecture/days/day-03/lecture.html. The interactive lab, with the 
practice  parts  and  the  self-assessment  of  the  day,  is  at 
https://utkukose.github.io/xai-veltech-NB-lecture/days/day-03/lab.html.
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Looking inside a network

The diagnosis case so far

Day 1 built readable models of the diagnosis and met the hidden marker of the lesion images. Day 2 
explained the random forest of the tumour data from the outside: Permutation importance and SHAP 
ranked  the  measurements,  partial  dependence  showed  how  they  act,  and  LIME,  SHAP  and  a 
counterfactual explained the prediction of 0.888 for test patient 3.

This day returns to the lesion images, now with a convolutional network, the kind of model that reads  
images. The network is as accurate as the model of Day 1 and has learned the same marker, so the maps 
of the day can be graded against a known answer: A map that is right must point at the marker.

A convolutional network turns an image into a prediction through many layers of simple operations. The 
operations are known, but there are thousands of them, and no person can follow them one by one. The 
methods of the day use one property instead: A network is differentiable, so for every pixel it can say how 
much a small change of that pixel would change the prediction. Pixels with a large effect are where the 
network looks.

For a network, an image is a list of numbers. The images of the day have 32 rows and 32 columns of  
pixels, and each pixel is one number between 0 for black and 1 for white. An image is therefore an input 
x = (x1, …, xd) with d = 32 × 32 = 1024 features, and feature j is the brightness xj of pixel j.

The diagnosis case uses 3000 such images, the lesion images of Day 1. Every image has a noisy grey  
background with six soft blobs of random size and position. About half of the images also contain a 
lesion, one more blob near the middle, and carry the label y = 1. The others carry the label y = 0. The 
lesion is the true reason for the label. It adds to the pixel in row r and column c the brightness

Here exp is the exponential function, r0 and c0 are the row and the column of the centre of the lesion, and 
s is its width, between 2.5 and 3.5 pixels. The added brightness is 0.25 at the centre and fades with the  
distance from it. The background blobs follow the same formula with heights between 0.10 and 0.22 and 
widths between 2.5 and 6 pixels, so a lesion is hard to tell from the background.

The shortcut of Day 1 is a marker: a white square of 4 by 4 pixels in the top left corner, in rows 1 to 4 and 
columns 1 to 4 when the count starts at 0. It appears in 97 percent of the images with a lesion and in 3  
percent of the others. A shortcut is a cue that predicts the label in the data without being its reason [8]. The 
first 2400 images are used for training and the other 600 for testing. A second test set of 600 images has 
the marker in half of the images of both classes, so that the marker carries no information there.

The model of the day is a small convolutional network, written with NumPy, the array library of Python, 
so that every step can be read, and trained on the lesion images of Day 1. A network is built from layers, 
and a layer computes a new grid of numbers from the grid that it receives. In a convolutional layer a small 
window of 3 by 3 positions slides over the input grid, and at every position one unit computes a weighted 
sum of the values in the window:

Here the ui are the input values in the window, the wi are the weights, b is one more adjustable number 
called the bias, and a is the result, the activation of the unit. The sign Σ means: Add the term for every i. 
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The rectified linear unit, abbreviated ReLU, keeps a positive sum and replaces a negative one by 0. One 
set of weights that slides over the whole grid is called a filter, and the grid of activations that it produces is 
a feature map: It shows where in the image the pattern of the filter occurs.

The network has three convolutional layers with 8, 16 and 32 filters. From the second layer on, the 
window covers its 3 by 3 positions in all feature maps of the layer before. After the first and after the  
second layer, max pooling keeps the largest value of every block of 2 by 2 cells, which halves the height 
and the width. The maps therefore shrink from 32 by 32 to 16 by 16 and then to 8 by 8 cells, and the last 
convolutional layer delivers 32 maps of 8 by 8 cells, 2048 numbers. A dense layer, in which every output 
is a weighted sum of all inputs plus a bias, turns them into two scores: z0 for the class no lesion and z1 for 
the class lesion. Such raw scores are called logits. The network has 9986 weights and biases in total.

The softmax function turns the logits into probabilities that add up to 1. With two classes, the probability 
of a lesion depends only on the difference of the two logits:

The vertical bar reads given, e ≈ 2.718 is the base of the natural logarithm, and σ(z) = 1 / (1 + e−z) is the 
logistic function of Day 1. The number f(x) is the log-odds of a lesion: the natural logarithm of the odds 
P / (1 − P). It is positive when the network finds a lesion more likely than no lesion. Every method of the 
day explains this one number. For the first test image  f(x) = 5.21, a probability of 0.995, and for a 
completely black image f = −0.36, a probability of 0.41.

Training starts from random weights and changes them in many small steps, so that the correct label of  
every training image becomes more probable. The quantity that training lowers is the cross-entropy loss. 
For n training images x(i) with the labels y(i) it is

The natural logarithm ln of a probability is 0 when the probability is 1 and far below 0 when the 
probability is small, so the loss is small when the network gives high probabilities to the correct labels. 
One pass through the 2400 training images is called an epoch. During training the loss falls from 0.43 in 
the first epoch to 0.11 in the eighth and last one.

Accuracy is the share of images that receive the correct label. The network reaches 96 percent accuracy 
on test images of the same kind, 577 of 600, and falls to about 50 percent, 299 of 600, when the corner  
marker carries no information. On both test sets it predicts a lesion for exactly those images that show the 
marker. The network has learned the shortcut, and the maps of the day should reveal it.

Python code in the Colab notebook, Section 1.

Open Section 1 of the Colab notebook and run it. The function make_lesion_images_meta draws the 
3000 images, small_cnn builds the network from the layers Conv,  ReLU,  MaxPool and Dense, and 
train_classifier trains it in about half a minute. The cell prints the loss of every epoch and the 
accuracy with and without the shortcut.

Differentiable means that the output changes smoothly with every input, so that the effect of a small  
change can be described by a slope. The slope of f with respect to one pixel, with all other pixels held 
fixed, is the partial derivative ∂ f / ∂ xj, written with the rounded letter ∂. The list of the partial derivatives 
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for all pixels is the gradient of f at the image x. It predicts the output for a slightly changed image, in which 
every pixel j has moved by a small amount Δ xj:

The sign ≈ reads is approximately. Close to the image x, the network therefore behaves like the logistic 
regression of Day 1: a weighted sum of the inputs, with the partial derivatives as the weights. This is why 
the gradient is an explanation. A pixel with a large positive derivative raises the output when it becomes 
brighter, a pixel with a negative derivative lowers it, and a pixel with a derivative near 0 has no influence. 
These weights belong to one image: Another image has another gradient, so the explanation is local in the 
sense of Day 1.

The gradient is computed by one backward pass, also called backpropagation: The chain rule of calculus 
is applied layer by layer, from the output back to the input. Training uses the same pass to find out how the 
loss reacts to every weight, and an explanation continues it down to the pixels. Python step 3 carries out 
such a pass by hand for a network of two layers.

Worked example: a gradient by hand

A model of three pixels has the output f(x) = 4 ReLU(x1 − 0.5) − 2 x2 + 0.5 x3. For the image x = (0.9, 0.3, 
0.6) the output is 4 × 0.4 − 2 × 0.3 + 0.5 × 0.6 = 1.6 − 0.6 + 0.3 = 1.3. The ReLU is active, because 0.9 − 
0.5 is positive, so the three partial derivatives are 4, −2 and 0.5. As a check, raise the first pixel by 0.01: 
The output becomes 4 × 0.41 − 0.6 + 0.3 = 1.34, a change of 0.04, which is 4 × 0.01.

For the darker image x = (0.2, 0.3, 0.6) the ReLU is inactive, the output is 0 − 0.6 + 0.3 = −0.3, and the 
derivative with respect to the first pixel is 0. The same pixel has a different derivative in a different  
image.

Check your understanding (1). Why does a network allow explanations based on gradients?

A. Because it is linear

B. Because it is differentiable, so the effect of a small change of each pixel can be computed

C. Because it has few weights

D. Because it uses images

Saliency: following the gradient

A saliency map shows the size of the gradient of the prediction for every pixel [1]:

The vertical bars take the absolute value, so a pixel counts whether a brighter value would raise the output 
or lower it. It is fast, one backward pass per image, and easy to read as a heat map: an image of the same 
size in which a larger value is drawn in a brighter colour. For the first image of the worked example the 
saliency values are 4, 2 and 0.5.

A second map multiplies every derivative by the value of its pixel and is called gradient times input [9]:
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The Greek letter phi,  φj, stands in this course for the contribution, also called the attribution, that an 
explanation gives to feature j. For a model that is a weighted sum, f(x) = b + w1 x1 +  + ⋯ wd xd, the 
derivative with respect to  xj is the weight  wj, and gradient times input is  wj xj, the contribution of a 
measurement to the logistic regression of Day 1. In the worked example the three values are 0.9 × 4 = 3.6, 
0.3 × (−2) = −0.6 and 0.6 × 0.5 = 0.3. A black pixel, xj = 0, always receives 0, whatever its derivative is.

On the lesion images the brightest pixels sit on the corner marker, exactly where the shortcut is. In each of 
four test images, the largest value of the saliency map lies inside the marker, and only a weak trace 
appears near the lesion. Part A of the interactive lab also shows two images without a marker whose 
largest values lie in the same corner: The network checks this place in every image. Raw gradients are  
noisy, however: Neighbouring pixels can receive very different values, and the map can change a lot for 
tiny changes of the image.

Python code in the Colab notebook, Section 2.

Open Section 2 of the Colab notebook and run it. The cell calls input_gradient(cnn, x), a function 
of Section 1 that returns the slope of the output with respect to every pixel, and np.abs turns the slope 
into the saliency map. The cell draws four test images next to their maps.

Better maps: SmoothGrad and Integrated Gradients

SmoothGrad averages the gradients of many noisy copies of an image, which removes part of the noise 
[2]. A noisy copy, written x ̃(i) with a tilde, is the image plus one random number for every pixel, drawn 
from a normal distribution with the mean 0. With n copies, the SmoothGrad value of pixel j is

The maps of the day use n = 25 copies. The standard deviation of the noise, the usual measure of how far 
random numbers spread around their mean, is 0.15 times the difference between the brightest and the 
darkest pixel of the image, about 0.14 for an image with a marker. A derivative that reflects what the 
network has learned keeps its sign in most copies, while a derivative that is an accident of one exact image 
changes its sign and cancels.

Worked example: SmoothGrad for two pixels

With four noisy copies, the derivatives of one pixel are 0.9, 0.5, 0.7 and 0.3, and those of a second pixel 
are 0.8, −0.9, 0.5 and −0.6. In the first copy alone, the two pixels look almost equally important. The 
averages are (0.9 + 0.5 + 0.7 + 0.3) / 4 = 0.6 and (0.8 − 0.9 + 0.5 − 0.6) / 4 = −0.05: The first pixel stays, 
and the second one fades.

On the lesion images, the SmoothGrad maps put 16 percent of their total on the marker, against 10 percent 
for the plain gradient. The section on grading defines this share.

Integrated Gradients, abbreviated IG, follows a path from a plain baseline image, for example a black 
one, to the real image and adds up the gradients along the way [3]. The baseline is written x′ and stands for 
an image without any evidence. The points of the straight path are x′ + α (x − x′), where the Greek letter 
alpha, α, runs from 0 at the baseline to 1 at the image. The contribution of pixel j is the average derivative 
along the path, multiplied by the distance that the pixel travels:
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The integral sign ∫ stands for a sum over infinitely many small steps, here the average of the derivative 
over all positions α between 0 and 1. A computer replaces it by the average over m points of the path, here 
the midpoints of m equal pieces of the path:

The maps of the day use the black baseline, x′ = 0, and m = 32 points, so one map costs 32 backward 
passes instead of one. The contributions of Integrated Gradients add up to the difference between the 
prediction for the image and for the baseline, a property called completeness:

Completeness holds exactly for the integral and approximately for the average over m points. For the first 
test image, f(x) = 5.205 and f(x′) = −0.359, a difference of 5.564, and the 1024 contributions computed 
with m = 64 add up to 5.560. The contributions have signs: The 16 pixels of the marker receive +11.5 in 
total and all other pixels together −6.0. The marker alone would push the output far higher, and the rest of 
the image pulls it back. The maps of the day show absolute values.

This matters when a network is saturated: Near a confident prediction the gradient is almost zero, while  
the path collects the effect from where the network was still sensitive, as the animation shows. Saturated 
means that the output has reached a level at which more evidence no longer changes it, like a probability 
that is already close to 1. Saliency and gradient times input then report that no pixel matters.

Worked example: Integrated Gradients on a saturated model

A model of two pixels has the output f(x) = min(3, 4 x1 + 2 x2): It grows with both pixels and stops at 3. 
For the image x = (1, 1) the sum is 6, so f(x) = 3, and a small change of a pixel changes nothing. The 
gradient is (0, 0), and saliency and gradient times input give both pixels the value 0.

Integrated Gradients starts from the black baseline x′ = (0, 0) with f(x′) = 0. With m = 4, the positions are 
α = 0.125, 0.375, 0.625 and 0.875, and the sum 4 x1 + 2 x2 at these points of the path is 0.75, 2.25, 3.75 
and 5.25. At the first two points the model is not yet saturated and the gradient is (4, 2), and at the last 
two it is (0, 0). The average gradient is (2, 1), so the contributions are (1 − 0) × 2 = 2 and (1 − 0) × 1 = 1. 
They add up to 3, which is f(x) − f(x′).

Animation on the lecture page: A saturating model of eight pixels, f(x) = σ(k (w1 x1 +  + ⋯ w8 x8) − 1.5). 
Increase the steepness k and watch gradient times input lose the output while Integrated Gradients keeps 
adding up to it.

The left panel of the animation plots the output along the path from the black image, at α = 0, to the image, 
at α = 1: It rises early and then stays flat. The dots are the points at which Integrated Gradients evaluates 
the gradient. The right panel compares the two contributions of every pixel. With the steepness k = 3 the 
output difference is 0.812, gradient times input adds up to only 0.038, and Integrated Gradients with 16 
points adds up to 0.813. With a single point the sum is 0.796, and with 64 points it is 0.812: More points 
bring the sum closer to completeness.
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On the lesion images the two methods give similar maps, because the explained output is the log-odds,  
which keep growing where a probability levels off. For the first test image the sum of gradient times input 
is 5.545, close to the 5.564 of completeness.

Figure. Three test images with a lesion and the marker, and the maps of six methods as absolute values. All pixel-level  

maps light up the corner marker.

Each row of the figure shows one test image on the left, followed by its six maps, in which a brighter  
colour is a larger absolute value. The four pixel-level maps, gradient, gradient times input, SmoothGrad 
and Integrated Gradients, have their brightest pixels on the marker in the top left corner, and only a faint 
group of pixels marks the lesion. The Grad-CAM column is empty for the first and the third image and  
shows one cell in the bottom right corner for the second. The last column lights a block of cells in the top 
left corner. The next section explains these two columns.

Python code in the Colab notebook, Section 3.

Open  Section  3  of  the  Colab  notebook  and  run  it.  The  functions  smoothgrad and 
integrated_gradients are the two formulas above, and the cell checks completeness by comparing 
ig.sum() with fx - fb. A slider then shows all methods side by side for any test image.

Check your understanding (2). What does the completeness of Integrated Gradients guarantee?

A. That the map is correct

B. That the contributions add up to the difference between the prediction for the image and for the baseline

C. That the map has no noise

D. That the baseline is black

Check your understanding (3). The contributions of Integrated Gradients for an image add up to 4.1, and 
the output for the black baseline is −0.6. What is the output for the image?

A. 4.7

B. 4.1

C. 3.5

D. −0.6
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Class activation maps: Grad-CAM

Grad-CAM, short for gradient-weighted class activation mapping, works on the last convolutional layer 
instead of the pixels [4]. A class activation map is a coarse image that shows which places of that layer 
speak for a class. In the network of the day the layer has K = 32 feature maps of 8 by 8 cells. Let Ak(r, c) be 
the activation of map k in row r and column c, and Dk(r, c) the derivative of the output with respect to this 
activation, which the backward pass delivers on its way to the pixels. Grad-CAM weights each feature 
map of that layer by the average of its gradient, adds the weighted maps and keeps the positive part:

The bar marks an average: D̄k is the mean derivative of map k over its 64 cells and serves as the weight of 
the whole map. M(r, c) is the value of the Grad-CAM map in one cell. The maximum with 0 is the ReLU 
once more: A cell with a negative sum speaks against the class and is set to 0. For display, every cell is  
enlarged to a block of 4 by 4 pixels, which brings the map to the size of the image. The result is coarse,  
because the last layer has few cells, but it is less noisy than pixel maps and is widely used.

The averaging step assumes that the network pools each map before its output, as many modern image 
networks do. Global average pooling replaces every map by the mean pk of its cells, and the output is a 
weighted sum of these means, with the weights vk and a bias b:

In such a network every cell of a map has the same derivative, Dk(r, c) = vk / 64, and the average loses 
nothing. The network of the day does not pool. Its dense layer gives every cell of every map a weight of 
its own, Wk(r, c), the difference of the weights of the cell for the two logits:

The derivative of a cell is then its weight, Dk(r, c) = Wk(r, c), the same for every image. The place of the 
marker is stored in exactly this pattern of weights, and the average over the 64 cells erases it. In the trained 
network 20 of the 32 mean derivatives are negative, and Grad-CAM returns empty maps for most images: 
For 31 of 40 test images the weighted sum is negative in every cell. In the other nine a single cell of the 
bottom row remains, far from the marker and from the lesion. A variant that keeps the cells apart finds the 
marker every time. It multiplies derivative and activation cell by cell before it adds the maps:

In the network of the day, the sum inside the maximum is the exact contribution of the cell to the log-odds: 
The contributions of the 64 cells and the bias add up to f(x). For the first test image the nine cells in the top 
left corner contribute +6.9, and all 64 cells together 5.2. The marker reaches nine cells, because every cell 
of the last layer depends on a square of 18 by 18 pixels of the image. The animation shows why.
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Worked example: Grad-CAM with and without averaging

A layer has two maps of 2 by 2 cells. Written row by row, map 1 has the activations 3, 1, 0, 1 and the  
derivatives 2, −1, −1, −1, and map 2 has the activations 0, 2, 1, 1 and the derivatives 0, −1, 1, −2.

Grad-CAM first averages the derivatives: D ̄1 = (2 − 1 − 1 − 1) / 4 = −0.25 and D ̄2 = (0 − 1 + 1 − 2) / 4 = 
−0.5. The weighted sum in the first cell is −0.25 × 3 − 0.5 × 0 = −0.75, and in the other three cells it is 
−1.25, −0.5 and −0.75. All four sums are negative, so the map is empty.

The variant multiplies cell by cell. The first cell gives 2 × 3 + 0 × 0 = 6, and the other three give −3, 1 and 
−3. After the maximum with 0 the map is 6, 0, 1, 0: The first cell, in which map 1 is active and has a  
positive derivative, stands out.

Animation on the lecture page: One activation map of 8 by 8 cells, the derivatives that a dense layer sends 
back to it, and the two ways of combining them. Switch to global average pooling to see when averaging 
is harmless.

The map of the animation has a bright region in the top left corner and a weaker one near the middle. The 
dense layer gives the four corner cells a positive weight, 1.0 at the start, and all other cells the weight 
−0.25. The mean of the 64 derivatives is then (4 × 1.0 − 60 × 0.25) / 64 = −0.172: Grad-CAM multiplies 
the whole map by a negative number and lights no cell, while the variant lights the four corner cells. The 
slider cannot make the mean positive, because that would need a corner weight above 3.75. With global 
average pooling every cell has the same derivative, 0.3 in the animation, and both maps light the same 63 
cells.

Python code in the Colab notebook, Section 4.

Open Section 4 of the Colab notebook and run it. The function grad_cam stands in the first cell of 
Section 3: In it, dA.mean(axis=(1, 2)) is the weight of each feature map and np.maximum(0, ...) 
keeps the positive part. The function grad_cam_no_average, in the same cell, is the variant without the 
average. The cell of Section 4 draws both for three images and counts the empty maps.

Check your understanding (4). Grad-CAM returns an empty map for an image. What is a likely reason?

A. The network failed

B. The weighted sum of the feature maps is negative everywhere, so nothing positive remains

C. The image is black

D. The gradient is too large

Are the maps right?

A map is useful only if it shows what the model actually uses. Two checks are possible here. First, the true 
shortcut is known, so the share of each map that falls on the marker can be measured. For a map with the 
values φj and a region S of the image, the share is

The numerator adds the absolute values of the pixels of the region, where j   ∈ S reads pixel $j$ belongs to 
$S$, and the denominator adds those of all pixels. The grading uses two regions. The first is the corner 
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square of 5 by 5 pixels that contains the marker, 25 of the 1024 pixels or 2.4 percent of the image. The  
second is the disc of radius 5 around the centre of the lesion, 81 pixels or 7.9 percent. A map that is spread 
evenly over the image gives every region the share of its area. Because the two regions differ in size, the 
shares are also compared per pixel, with |S| for the number of pixels of a region:

A ratio above 1 means that a pixel of the marker receives more of the map than a pixel of the lesion. A 
third measure is the peak, the pixel with the largest absolute value, and the region in which it lies. The 
table gives the means over 40 test images that have a lesion and the marker.

Method Share on the marker Share on the lesion Peak on the marker

Gradient 0.104 0.105 40 of 40

Gradient times input 0.196 0.139 40 of 40

SmoothGrad 0.161 0.094 40 of 40

Integrated Gradients 0.220 0.132 40 of 40

Grad-CAM 0.000 0.000 0 of 9, and 31 maps are 
empty

Grad-CAM without 
averaging

0.152 0.065 40 of 40

Worked example: share and density ratio

A map of 100 pixels has a total of 50 when its absolute values are added. A cue of 4 pixels holds 10 of 
this total and an object of 20 pixels holds 15. The shares are 10 / 50 = 0.20 and 15 / 50 = 0.30, so the 
object holds more of the map. Per pixel the order turns around: 0.20 / 4 = 0.05 for the cue against 0.30 / 
20 = 0.015 for the object, a density ratio of 0.05 / 0.015 = 3.3.

The first row of the table is such a case. The gradient puts about the same share on the marker and on the 
lesion, but the marker square is 81 / 25 = 3.24 times smaller than the lesion disc, so the density ratio is 
about 3.2.

Every pixel-level method puts its peak on the marker in every image. The shares on the marker, between 
10 and 22 percent, belong to a square that covers 2.4 percent of the image, and per pixel the four pixel-
level  maps  give  the  marker  between  3.2  and  5.5  times  as  much  as  the  lesion.  These  are  correct 
explanations of a model that learned the wrong thing, and they are exactly what a reviewer needs to reject 
it.

Second, Adebayo and colleagues proposed a sanity test: A map computed with random weights should 
look different from the map of the trained network [5]. The test is also called the model-randomisation 
test.  The test builds a second network of the same shape whose weights are random numbers and 
computes every map for both networks. It compares the two maps of an image by their rank correlation, 
also called the Spearman correlation. The items, here the pixels, are ranked in each map from the largest 
absolute value, rank 1, to the smallest. For N items and the difference δi between the two ranks of item i, 
the rank correlation is
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The Greek letter rho, ρ, is 1 when both maps rank the items in the same order, close to 0 when the two 
orders are unrelated and −1 when one order is the reverse of the other. The Greek letter delta, δi, is a 
difference of two ranks. The formula holds when no two items share a value. Items with equal values 
receive the mean of their ranks, and the usual correlation coefficient of the two lists of ranks is then  
computed.

Worked example: a rank correlation

Two maps give five pixels the values 0.9, 0.1, 0.4, 0.7, 0.2 and 0.3, 0.2, 0.8, 0.6, 0.1. In the first map the 
ranks of the five pixels are 1, 5, 3, 2, 4, and in the second map they are 3, 4, 1, 2, 5. The differences are 
−2, 1, 2, 0 and −1, and their squares add up to 4 + 1 + 4 + 0 + 1 = 10. With N = 5 the rank correlation is 1 
− 6 × 10 / (5 × 24) = 0.5: The two maps agree in part.

Method Rank correlation between the maps for trained and for 
random weights

Gradient 0.041

Gradient times input 0.219

SmoothGrad 0.037

Integrated Gradients 0.218

Grad-CAM −0.100

Grad-CAM without averaging 0.089

The table gives the means over 20 test images, and for Grad-CAM only the few images with a map that is 
not empty can enter. Plain gradients pass this test, while maps that multiply by the input keep part of the 
image's shape even with random weights. Gradient times input and Integrated Gradients with a black  
baseline both contain the factor  xj, so a bright pixel receives a large value under any weights. Their 
correlation of 0.22 is still low: These maps also depend mostly on the trained weights.  Part B of the 
interactive lab offers this test by eye.

A third kind of check, the perturbation test, changes the input instead of the model: It removes the pixels 
that a map ranks highest and measures how far the output falls [10]. Day 4 applies it as the deletion test, 
and the optional section of this day uses the same idea for the words of a text.

Python code in the Colab notebook, Section 5.

Open Section 5 of the Colab notebook and run it. The function region_masses computes the share of a 
map on the marker and on the lesion, and the cell prints these shares for every method. It then builds a 
network with random weights, small_cnn(seed=123), and compares the maps of the two networks 
with spearmanr.

Check your understanding (5). A map looks the same for the trained network and for random weights. 
What follows?

A. The map is excellent

B. The map reflects the image more than the model and fails the sanity test

C. The network is untrained

D. Nothing
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Check your understanding (6). A map puts 12 percent of its total on a cue that covers 2 percent of the 
image and 30 percent on an object that covers 10 percent. What is the density ratio of the cue to the  
object?

A. 2

B. 0.4

C. 2.5

D. 6

Explaining with GEMEX

GEMEX,  short  for  Geodesic  Entropic  Manifold  Explainability,  explains  a  prediction  through  the 
geometry of the model: It follows a path from a reference to the case and reports how sensitive the 
prediction is to each feature along the way, which features interact and how uncertain the explanation 
itself is [6]. Its interface is three lines with default settings, and it works for any model that returns  
probabilities.  It  never looks inside the model:  Every derivative that  it  needs is  estimated from the 
predictions for slightly changed inputs.

The  geometry  rests  on  one  idea:  Two  inputs  are  far  apart  when  the  model  gives  them different 
probabilities and close when it treats them alike. For a model that returns the probability P(y | x) of every 
class y, the Fisher information matrix G(x) collects how strongly the probabilities react to the features. It 
is a table with one row and one column for every feature, and its entry for the features j and k is

The sum runs over the classes, and ln is the natural logarithm. A diagonal entry Gjj is large when a small 
change of feature j changes the predicted probabilities strongly, and an entry Gjk for two different features 
tells whether they move the probabilities together. The table defines the length of a small step Δ x that 
starts at the point x:

A step is long where the model reacts to it and short where the prediction does not change. A geodesic is 
the shortest path between two points when length is measured in this way. GEMEX computes a path of 40 
points from the reference, the mean of a set of reference cases, to the case. The path starts in the direction 
of the straight line and bends where the table G changes along the way. The geodesic sensitivity field, 
abbreviated GSF, then measures for every feature how much of the path runs along it. At one point of the 
path with the direction  v,  the alignment with feature  j is  the cosine of the angle between the two 
directions, with lengths and angles measured by G:

The value lies between −1 and 1 and is 0 when the path does not move along feature j at all. The score of 
the feature is the weighted average of this alignment over the 40 points, with more weight on the first part 
of the path when the prediction is confident. It is multiplied by a factor between one third and 3, which is 
larger for features to which the model is more sensitive. Finally all scores are scaled, so that the largest  
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one equals the difference between the probability for the case and for the reference. A positive sign means 
that the change of the feature from the reference to the case moved the prediction towards the predicted 
class, and a negative sign that it worked against it.

GEMEX also judges its own explanation. It computes the eigenvalues λ1, …, λd of G, written with the 
Greek letter  lambda: the sensitivities of the model along  d directions of the feature space that  are 
perpendicular to each other. From the spread of their logarithms it forms one number, which it calls the  
curvature and which is written here with the Greek letter kappa, κ, and from it a confidence score:

SD is the standard deviation. When the model reacts about equally in all directions, the eigenvalues are 
similar and κ is small. When it reacts strongly in some directions and not at all in others, κ is large, and the 
explanation depends on details  of the estimate.  GEMEX calls the uncertainty low for  κ up to 0.1, 
moderate up to 0.5 and high above.

For a pair of features, GEMEX reports an interaction value that it calls holonomy. It moves each of the 
two features up and down by a small step h = 0.005 and records how the entry Gjk changes: Δj Gjk is the 
change when feature j moves, and Δk Gjk the change when feature k moves. With j for the feature of the 
pair that has the larger score, the value is

The value is 0 when both moves change the joint sensitivity in the same way. The division by 2 h2 = 
0.00005 makes it large as soon as the two changes differ, so it has no fixed scale.

The diagnosis case applies it to a tree ensemble on six tumour measurements. The data are the 569 breast 
tumours of Day 1, each diagnosed as malignant or benign [11], with 426 tumours for training and 143 for 
testing. The model is a gradient boosting classifier, 100 small decision trees whose outputs are added up, 
trained on six of the thirty measurements. It classifies 136 of the 143 test tumours correctly, an accuracy 
of 0.951. GEMEX explains its prediction for one test tumour, with 60 training tumours as reference cases, 
and the table reads its summary line by line.

Line of the summary Value How to read it

Prediction benign (p=0.974) The model gives the tumour a 
probability of 0.974 of being benign, 
and the explanation refers to this 
class.

Uncertainty high (curvature=4.855) κ = 4.855 is above 0.5, and the 
confidence score is 1 / (1 + 4.855) = 
0.17.

Geodesic length 0.2812 The length of the path from the 
reference to the case: the sum of the 
lengths of its 39 steps.

FIM quality good FIM is the Fisher information matrix. 
The label good means that its 
diagonal entries add up to more than 
0.0001, so the model reacts 
measurably to the probing steps.
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Line of the summary Value How to read it

Top features (GSF) mean smoothness +0.2233, mean 
concavity +0.0622, worst concave 
points +0.0502, worst radius −0.0104, 
worst area −0.0020

The scores of the geodesic sensitivity 
field. The word to marks a positive 
and against a negative score. The 
largest score, 0.2233, is the 
probability for the case, 0.974, minus 
the probability for the reference, 
0.751.

Top interactions (holonomy) worst concave points with mean 
concavity +625.3758, the other pairs 
+0.0000

Only one pair shows an interaction. A 
value of exactly 0 means that none 
was measured, and the summary 
shows the word antagonism for every 
value that is not positive.

The high uncertainty has a visible reason. A tree ensemble changes its output in steps: A small change of 
a feature matters only when it crosses a threshold of one of the trees. GEMEX probes the model with steps 
of the same size for every feature, 0.01 in this run. For the smoothness and the two concavity measures,  
whose values lie near 0.1, such a step crosses thresholds, and their diagonal entries of G lie between 54 
and 77. For the area, with values of several hundred, it crosses none, and the entry is practically 0. The  
eigenvalues therefore range from about 130 down to almost 0, which gives the large κ. The same steps 
explain the interaction value: The two changes of  Gjk are 0.85 and −1.16, and their difference, 2.01, 
divided by 0.00005 × 64.3 gives 625.

A  browser  playground  at  <https://utkukose.github.io/gemex_playground>  offers  it  without  any 
installation.

Python code in the Colab notebook, Section 6.

Open Section 6 of the Colab notebook and run it. gemex.Explainer wraps the tree ensemble rf6, and 
gx.explain returns the explanation of one tumour. The cell prints its summary: the scores of the six  
measurements, the curvature, the length of the path and the confidence that the method reports.

Explanations in your field

Hidden shortcuts are not limited to medicine. A date stamp on photographs of cracked concrete, a lighting 
gradient on images of scratched metal or a ruler next to diseased leaves can all leak the label. The  
application of the day generates images of five fields with such a cue, trains the network and shows where 
it looks.

Field Defect that defines the class Cue that leaks the label

medicine a bright round spot a bright marker of 4 by 4 pixels in the 
top left corner

civil a dark thin line, a crack a bright date stamp of 3 by 10 pixels 
near the bottom left corner

manufacturing a bright thin line, a scratch a lighting gradient: the image 
becomes brighter from left to right

agriculture a dark round spot a dark ruler, two rows of pixels along 
the bottom edge

electronics a dark square pad of 6 by 6 pixels a bright marker of 4 by 4 pixels in the 
top left corner
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Each run generates 1600 images, in which the cue appears in 95 percent of the images with a defect and in 
5 percent of the others. The network of the day is trained on the first 1200 for five epochs and tested twice: 
on the remaining 400 images and on 600 new ones in which the cue appears in half of the images of both 
classes. For medicine, the accuracy is 0.950 on images like the training data and 0.480 when the cue 
carries no information.

The fields differ in what a map can show. The marker and the date stamp are small bright patches, and the 
Integrated Gradients maps of these fields point at them. The lighting gradient is faint and spread over the 
whole image: The network relies on it only in part, and no small region stands out. The ruler is dark, and 
here the black baseline matters. Integrated Gradients gives every pixel the factor xj − x′j, which is close to 
0 for a dark pixel, so its map hardly shows the ruler, although the network relies on it completely. The 
plain gradient has no such factor and shows it. A cue that looks like the baseline is invisible to Integrated 
Gradients, which is why the baseline is a choice that must be reported.

Two signs reveal such a cue in real data: maps that point at a place where the object of interest cannot be, 
and an accuracy that falls when the cue is masked or made equally frequent in all classes. The repair is in 
the data, as on Day 1: Crop or mask the cue, or collect images in which it appears equally often in every 
class, and train again.

Python code in the Colab notebook, Section 7.

Open Section 7 of the Colab notebook. Its first line is a switch, FIELD = "medicine". Replace the 
word by civil, manufacturing, agriculture or electronics and run the section. The function 
field_images draws the images of that field with their cue, and the cell trains the network, prints its  
two accuracies and draws its Integrated Gradients maps.

Going further (optional)

Five topics deepen the day. Before trusting any gradient, the backward pass of a network can be checked 
against finite differences. A finite difference estimates a derivative without calculus. Let x+ and x− be the 
image with pixel j raised and lowered by a small step h. Then

The check of the day uses h = 10−5 on a network with random weights and two random images. For five 
pixels chosen at random, the backward pass and the finite difference agree in all seven decimals shown. 
The largest relative difference, |a − b| / (|a| + |b|) for the two values a and b of a pixel, is 3.2 × 10−8. Every 
map of the day inherits the errors of the backward pass, and a wrong map looks as plausible as a right one, 
which is why this check comes first.

Layer-wise relevance propagation, abbreviated LRP, distributes the prediction backwards through the 
network [12]. The output is the whole relevance at the start, and every layer passes its relevance on to the 
layer below. A unit k computes the sum zk from the activations ai of the layer below and the weights wik. 
The basic rule, called LRP-0, gives each lower unit i the part of the relevance Rk that it contributed to this 
sum:

The parts that one unit k hands down add up to Rk, so no relevance is lost on the way: The relevances of 
the input features add up to the output. This conservation is the same accounting as the completeness of 
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Integrated Gradients. The epsilon rule, named after the Greek letter, adds a small number, 0.25 here, to 
the size of zk and thereby damps the parts that pass through sums close to 0. For a ReLU network without 
biases, LRP-0 gives exactly gradient times input [9]. A network with one hidden layer of 16 units for the 
thirty tumour measurements, each put on a common scale, shows this. The two results differ by at most 4 
× 10−16, the rounding error of the computer, and the relevances of every tumour add up to its output. With 
the epsilon rule the order of the features stays almost the same, with a mean rank correlation of 0.987.

Attention weights of text models are often shown as explanations, but they can disagree with the effect of 
deleting a word [13, 14]. The experiment of this section generates 1600 short product reviews in which 
the word verified appears in about 90 percent of the positive and 10 percent of the negative reviews, a 
shortcut in text. Its classifier gives every word t of a review a raw score zt and turns the scores of the 
T words into attention weights with the softmax function, so that the weights add up to 1. It then predicts 
from the average of the word vectors with these weights. The deletion effect of a word is the change of the 
predicted probability when the word is removed from the review x, which leaves the shorter review x−t:

For each of the 62 words that occur at least 15 times in the 400 test reviews, the attention weight and the 
deletion effect are averaged over all occurrences. The two rankings of the words agree well, with a rank 
correlation of 0.79, and they disagree on the one word that matters. The word verified has by far the 
largest deletion effect, 0.42, and only the eighth largest attention weight: Seven words of the sentiment 
phrases, such as damaged and drains, receive more attention. Whether a model relies on a word is a 
question about cause and effect, and it is answered by changing the input.

Concepts defined by people, such as the marker, can be tested with TCAV, short for testing with concept 
activation vectors, which must be run many times against random concepts to be meaningful [15]. The 
method works with the activations of one layer, here the 2048 activations of the last convolutional layer. 
A logistic regression is trained to separate the activations of images that show the concept from those of 
images that do not. Its weight vector, scaled to the length 1, is the concept activation vector  v: the 
direction in which the activations move when the concept appears. The TCAV score is the share of the 
images of a class whose output would rise if their activations moved in this direction:

Here Di(x) is the derivative of the output with respect to activation i, the same derivatives that Grad-CAM 
uses, and the sum is the slope of the output in the direction v. Here the concept images are the 29 training 
images without a lesion that carry the marker, and the class images are the 297 test images with a lesion. 
Twenty runs, each with 60 other images drawn at random, all give the score 1.00. Random concepts, 
formed from two groups of images without the marker, give the score 1 in ten runs and 0 in the other ten. 
In this network the derivatives Di are the same for every image, so all class images agree in every run. A 
single score of 1.00 therefore proves nothing. A t-test compares the twenty scores of the concept, with the 
mean ā and the standard deviation SDa, with the twenty scores of the random concepts, with b̄ and SDb:

With the means 1.00 and 0.50 and the standard deviations 0 and 0.513, the result is t = 4.36. The p-value is 
the probability of a value of t at least this far from 0 when both groups come from the same source. Here it 
is about 0.0001, so the marker concept differs from random directions.
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Finally, the explanations of GEMEX and TreeSHAP can be compared over many cases; they answer 
different questions and need not agree. TreeSHAP is the exact computation for tree models of SHAP, the 
Shapley additive explanations of Day 2 [16]. SHAP divides the difference between the output for the case 
and the average output, written E[f] for the expected value, among the features:

For the tree ensemble, f is the log-odds of a benign tumour. For the tumour of the GEMEX section, the six 
SHAP values add up to 1.98, the difference between the output 3.62 and the average 1.64. GEMEX 
measures something else: how the path from a reference to the case runs through the geometry of the  
model, on the scale of probabilities. The six features are ranked by the absolute value of their scores in  
both methods. For this tumour the differences of the ranks are 2, 1, 1, 2, −2 and −4, their squares add up to 
30, and the rank correlation is 1 − 6 × 30 / (6 × 35) = 0.14. Over twelve tumours it lies between −0.43 and 
0.43 with a mean of 0.01: The two orders are unrelated. GEMEX reports high uncertainty for all twelve, 
with confidence scores between 0.10 and 0.60. When two methods disagree, the first things to check are 
what each one measures, in which units, against which reference, and whether it passes a check such as  
the sanity test.

Figure. Relevance propagation against gradient times input on a tumour network, and TCAV scores of the marker  

concept against random concepts.

The left panel shows the eight largest relevances of one malignant test tumour for the output benign. The 
bars of LRP-0 and of gradient times input have the same length for every measurement. All eight are 
negative, from −1.63 for the worst radius to −0.91 for the worst perimeter: These measurements speak 
against a benign tumour. The right panel summarises the twenty TCAV scores of each group in a box 
plot. The scores of the marker concept all lie at 1.0, and those of the random concepts fill the range from 0 
to 1 with the middle at 0.5.

Python code in the Colab notebook, Section 8.

Open Section 8 of the Colab notebook, which is optional, and run its cells one after another: the gradient 
check, relevance propagation, attention against deletion, TCAV and the comparison of GEMEX with 
TreeSHAP. Each cell starts with a note on how its code follows the formulas of this section.

Python step 3: A neural network as arrays and the chain rule

A neural network is a sequence of matrix products and simple functions. This step computes a neuron and 
a two-layer network with NumPy, takes their gradients by the chain rule and checks one of them with 
finite differences [7].
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One neuron

import numpy as np
x = np.array([0.5, -1.0, 2.0])         # one input with three features
w = np.array([0.8, 0.2, -0.5]); b = 0.1
z = x @ w + b                          # the weighted sum
p = 1 / (1 + np.exp(-z))               # the sigmoid
print("z =", round(float(z), 3), "  p =", round(float(p), 4))

Output

z = -0.7   p = 0.3318

@ is the matrix product; between two vectors it is the dot product. The sigmoid squeezes the weighted sum 
into a probability between 0 and 1.

The gradient by the chain rule

grad_x = p * (1 - p) * w                # dp/dx = sigmoid'(z) * dz/dx
eps = 1e-6
numeric = np.array([(1 / (1 + np.exp(-((x + eps * np.eye(3)[i]) @ w + b))) - p) / eps 
for i in range(3)])
print("chain rule        :", grad_x.round(5))
print("finite difference :", numeric.round(5))

Output

chain rule        : [ 0.17737  0.04434 -0.11086]
finite difference : [ 0.17737  0.04434 -0.11086]

The derivative of the sigmoid is p(1−p), and the derivative of the weighted sum with respect to x is w; the 
chain rule multiplies them. Moving one feature by a tiny amount and measuring the change of the output 
gives the same numbers, which is how every backward pass of the day is checked.

A two-layer ReLU network

W1 = np.array([[1.0, -1.0], [0.5, 0.5], [-0.3, 0.8]])   # 3 inputs -> 2 hidden units
w2 = np.array([1.0, -2.0])                              # 2 hidden units -> 1 output
h = np.maximum(0, x @ W1)                               # ReLU, no biases
out = h @ w2
print("hidden:", h, "  output:", round(float(out), 3))

Output

hidden: [0.  0.6]   output: -1.2

np.maximum(0, ...) is the ReLU: It keeps positive values and sets negative ones to zero. The first  
hidden unit is inactive for this input.
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Its gradient, and gradient times input

grad = W1 @ (w2 * (h > 0))           # chain rule through the ReLU: inactive units pass 
nothing back
print("gradient           :", grad)
print("gradient times input:", (grad * x).round(3), "  sum:", round(float((grad * 
x).sum()), 3))

Output

gradient           : [ 2.  -1.  -1.6]
gradient times input: [ 1.   1.  -3.2]   sum: -1.2

The ReLU passes the gradient only through active units, which (h > 0) expresses as a mask. For a ReLU 
network without biases, the output is exactly the sum of gradient times input, the identity behind the 
relevance propagation of the lecture.

Quick check. Why does an inactive ReLU unit contribute nothing to the gradient?

Answers to the knowledge checks

1. B. The gradient of the output with respect to the input measures that sensitivity.

2. B. Completeness is an accounting identity, not a proof that the map matches the true reason.

3. C. By completeness the contributions add up to the output for the image minus the output for the  
baseline, so the output for the image is 4.1 + (-0.6) = 3.5.

4. B. Grad-CAM keeps only positive values of the weighted sum.

5. B. An explanation of a model must depend on the model's weights.

6. A. Per unit of area the cue receives 0.12 / 0.02 = 6 times the average and the object 0.30 / 0.10 = 3 times 
the average, and 6 / 3 = 2.

Quick check. Because the ReLU is flat at zero for negative inputs, so its derivative there is zero, and the 
chain rule multiplies by that zero.
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